Cylindrical nonlinear optics is a burgeoning research area which describes cylindrical electromagnetic wave propagation in nonlinear media. Finding new exact solutions for different types of nonlinearity and inhomogeneity to describe cylindrical electromagnetic wave propagation is of great interest and meaningful for theory and application. This paper gives exact solutions for the cylindrical nonlinear Maxwell equations and presents an interesting connection between the exact solutions for different cylindrical nonlinear Maxwell equations. We also provide some examples and discussion to show the application of the results we obtained. Our results provide the basis for solving complex systems of nonlinearity and inhomogeneity with simple systems.
I. INTRODUCTION
Over the course of the past 40 years, electromagnetic wave propagation in nonlinear media has become a wideranging problem, and significant progress has been made using analytical and numerical methods [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . The studies of such a problem can be employed for various optical engineering technologies, such as wavelength conversion of light [8] , noninvasive and noncontact probe of the electronic and structural properties of crystals, and information processing in wavelength-demultiplexing communication [9] . Cylindrical electromagnetic wave propagation in a nonlinear medium is an interesting topic in physics, and some fundamental research has been done [1] [2] [3] [4] . Reference [1] presents a method for deriving exact solutions which describe this physical process, and Ref. [2] shows that this method can be extended to deal with problems of cylindrical electromagnetic wave propagation in an inhomogeneous nonlinear and nondispersive medium and obtain an exact solution when the polarization function ε(E,r) = dD/dE is chosen in the form ε(E,r) = 0 ε 1 r β exp(αE), where ε 1 ,α,β are certain constants and 0 is the permittivity of free space. This special polarization denotes that the medium considered is nonlinear and inhomogeneous. The nonlinear factor is exp(αE) and the inhomogeneous factor is r β . In this paper, we will give exact solutions for arbitrary cylindrical nonlinear Maxwell equations which describe cylindrical electromagnetic wave propagation in a medium with arbitrary inhomogeneity and nonlinearity. Our work presents an interesting connection between exact solutions for different cylindrical nonlinear Maxwell equations. We show that if exact solutions of the system ε 0 (E,r) are given, then exact solutions of the system ε(E,r) = exp (αE)ε 0 [E,r exp (αE/2)] can also be obtained.
Our motivations are threefold. First, Ref. [3] successfully employs the exact solution to investigate the second-harmonic generation of cylindrical electromagnetic waves in a nonlinear medium. A recent work [4] shows that sum-and differencefrequency generation also result quite naturally from the exact * haoxiong1217@gmail.com † siliugang@gmail.com solution, and the results obtained are consistent with the traditional method of utilizing coupled-wave equations. All these investigations show that finding new exact solutions for different types of nonlinearity and inhomogeneity to describe cylindrical electromagnetic wave propagation is of great interest and meaningful for theory and application. Second, it is an extremely complicated problem to describe electromagnetic wave propagation in complex media with not only nonlinearity but also inhomogeneity. This problem remains poorly studied, especially for exact solutions. The studies of this problem can be used in fiber optics, geophysical prospecting, radio propagation, the study of radar cross section, and microstrip antenna, as Ref. [12] suggested. Third, there are connections between complex systems and simple systems. Finding a method of solving partial differential equations of complex systems with exact solutions of simple systems is important and useful.
II. PHYSICAL MODEL AND EXACT SOLUTIONS
We start by introducing our physical model shown in Fig. 1 , which gives a clear description of the physical process. The blue circular cylinder presents a nonlinear medium, assuming that the nonlinear medium possesses an axis of symmetry, and taken as the z axis of a cylindrical coordinate system (r,φ,z). The vertical yellow line which is placed in the axis of the nonlinear medium is a linear light source, and the green arrows around the light source present the cylindrical wave vectors. Considering that the fields are independent of φ and z, the Maxwell equations can be written as
where H ≡ H φ (r,t), E ≡ E z (r,t), and ε(E,r) = dD/dE. This model represents the so-called cylindrical nonlinear Maxwell equations and has been used in some previous works [1] [2] [3] [4] [5] . ε is a function of E and r. It denotes that the medium considered here is nonlinear, nondispersive, and inhomogeneous. It has been known that for different types of ε(E,r), exact solutions of the system are also different from each other. Previous studies [1, 2] have shown that Eqs. or ε(E,r) = 0 ε 1 exp (αE)r β , where 0 is the permittivity of vacuum, ε 1 is the relative permittivity of the medium, and α is a constant which represents the nonlinearity of the medium. Here, we consider the following question: If exact solutions of a system ε 0 (E,r) can be obtained, then based on the known solutions, what types of nonlinearity and inhomogeneity of the system can be exactly solvable? In what follows, we will give an answer to this question.
System (1) can be reduced by using the following ansatz:
, ξ = ln (r/r 0 ), and η = ( 0 ε 1 μ 0 ) −1/2 t/r 0 . r 0 is an arbitrary constant with the dimension of length and α is a characteristic constant. We have
Based on the application of a hodograph transformation, for Jacobian D(u,v)/D(ξ,η) being nonzero [1] , we can use u and v as independent variables and obtain
The exact solution of Eqs. (3) depends on the choice of ε(E,r), which describes the dielectric properties of the media. Here we consider that a foregone known solution of the system,
has been obtained, and the solution records as E 0 and H 0 in the form
with ρ = r/a and τ = t( 0 ε 1 μ 0 ) −1/2 /a, where a is a characteristic constant which describes the characteristic spatial scale. In this case, E(ρ,τ ) and H(ρ,τ ) satisfy
We write ξ and η as ξ
where E(w,v) and H(w,v) satisfy Eqs. (6) in the independent variables of w and v, viz.
∂H(w,v) ∂w
Substituting Eqs. (7) into Eqs. (3), it can easily be verified that functions ξ and η satisfy Eqs. (3) for the case ε(E,r) = exp (αE)ε 0 [E(w,v),wa]. By using the ansatz and taking C 1 = −α/2 and r 0 = 2a, we can obtain
These expressions give an exact solution of system (1) in implicit form and are the same as the exact solution in Ref. [1] in form. However, in Ref. [1] , E(ρ,τ ) and H(ρ,τ ) represent the corresponding solutions of linear field equations, while here E(ρ,τ ) and H(ρ,τ ) are not restricted to that and may be nonlinear solutions. Thus far, we have shown that if exact solutions of system ε 0 (E,r) are given, then exact solutions of system ε(E,r) = exp (αE)ε 0 [E(w,v),wa] can be obtained by using Eqs. (9) . Below we present some discussion of the expression of ε(E,r) = exp (αE)ε 0 [E(w,v),wa], which makes a connection between the solved system ε 0 (E,r) and the unsolved system ε(E,r). By using ξ = C 1 E(w,v) + u/2, w = 2 exp (u/2), and
For the case α → 0, Eq. (10) shows that ε(E,r) → ε 0 (E,r), and the solution goes into solution (5) which corresponds to the system ε 0 (E,r).
III. DISCUSSION
In fact, up to now, Eqs. (9) contain a set of unknown functions E and H. So these expressions are the formal exact solution of the system (1). Notably, this formal exact solution shows that although some complex systems with nonlinearity and inhomogeneity are too difficult to solve using conventional methods, we may solve these complex systems by using the exact solutions of relatively simple systems. Specific expressions of E and H are determined by the specific system and constraint condition corresponding to it. Here, we need to mention that the exact solution (9) is applicative when the system ε 0 (E,r) contains constraint conditions of the initial value and boundary value. In what follows, we give some examples and discussion to show the application of the results we obtained.
We start by discussing a particular example. We consider ε 0 (E,r) = 0 ε 1 , which is a linear problem. From Eq. (10), we can find that if exact solutions of a linear system can be obtained, then exact solutions of the system ε(E,r) = 0 ε 1 exp (αE) can also be obtained by using Eqs. (9), where E(ρ,τ ) and H(ρ,τ ) represent the corresponding solutions of linear field equations. This conclusion has been obtained in Ref. [1] , and in the present work it is a special case of Eq. (10). Next we consider that ε 0 (E,r) = 0 ε 1 f (r) and the medium is boundless; then we can obtain the traveling wave exact solution of such a system by the method of variable separation: (11) where (r) satisfy
Therefore, we can know that the traveling wave exact solution of the nonlinear and inhomogeneous system ε(E,r) = 0 ε 1 exp (αE)f [r exp (αE/2)] also can be obtained. The solution is
where (r) = d (r)/dr. The remaining work is to find the solutions for Eq. (12), which has been studied systematically and can be solved by the series method with almost arbitrary f (r) [13] . Using the exact solution (13), one also can discuss some electromagnetic phenomena contained in it, such as second-harmonic generation, sum-and differencefrequency generation, and so on. For the homogeneous case, viz. f (r) = 1, these nonlinear phenomena have been well discussed in Refs. [3, 4] , and it is shown that descriptions of second-harmonic generation and sum-and differencefrequency generation by exact solution are in good agreement with coupled-wave equations.
In what follows, we will give an example of how to describe these nonlinear effects in an inhomogeneous medium by using the solution (13). Here we only consider the effect of second-harmonic generation. We use f (r) = r β with β > 0, Eq. (12) 
(r) = −C 1 kr β/2 J 1 2kr
where k = ω √ 0 μ 0 ε 1 , and J m and N m represent the Bessel and Neumann function of the m order, respectively. If |E r=0 | < ∞, then C 2 = 0. Thus we can obtain a traveling wave exact solution of the case ε 0 (E,r) = 0 ε 1 r β by using Eq. (11) as follows:
where ζ is a constant which represents the amplitude of the wave in the inhomogeneous medium. The nonlinear and inhomogeneous system ε(E,r) corresponding to the linear system ε 0 (E,r) = 0 ε 1 r β is
Considering ε(E,r) = dD/dE and D = 0 E + P , one can obtain more information about the nonlinear and inhomogeneous system. We can easily obtain
where P 0 (r) is the constant of integration. From the expression of polarization P , viz. Eq. (17), we can find that system (16) describes a nonlinear and inhomogeneous medium, where the inhomogeneity of the linear polarization is ε 1 r β − 1 and the inhomogeneity of the second-order nonlinear polarization is 1 2 0 ε 1 α(1 + β/2)r β . Using Eq. (13), we can obtain the traveling wave exact solution of such a case as follows:
Equations (18) and (19) give an exact solution of the Maxwell equations in the inhomogeneous nonlinear medium described by Eq. (16). From Eqs. (18) and (19), we can find that the solution is in implicit form, and the electric field and magnetic field of the cylindrical electromagnetic wave in a nonlinear medium are not separate, but coupled with each other. In what follows, we will show that second-harmonic generation results quite naturally from the exact solution, and the implicit form of the solution is meaningful. Considering |αE| 1, we will use the perturbation method to give an approximate solution of Eqs. (18) 
Substituting the zeroth approximation into Eq. (18) leads to the first approximation,
By using the approximation J 0 (xe αE/2 ) ≈ J 0 (x) − αExJ 1 (x)/2, which has been obtained in Ref. [3] , we can simplify Eq. (22) as follows: 
After some deductions, we obtain
where third-harmonic and higher spectrum components are ignored because we only focus on second-harmonic generation here. From Eq. (25), it has been shown that secondharmonic generation results quite naturally from the exact solution, and Eq. (25) is an explicit analytical expression which describes second-harmonic generation of cylindrical electromagnetic wave propagation in an inhomogeneous and nonlinear medium, where the inhomogeneity of the linear polarization is ε 1 r β − 1 and the inhomogeneity of the secondorder nonlinear polarization is
It is well known that the traditional method describing second-harmonic generation is the coupled-wave-equation approach. From the fundamental equation of cylindrical nonlinear optics [3, 4] , we obtain
Here χ (1) = ε 1 r β − 1, and P NL is used as the secondary nonlinear polarization P (2) : where
After some deductions, we obtain the coupled-wave equations as follows:
where E ω and E 2ω are the amplitudes of the first-and second-harmonic spectrum component, and Eq. (28) can be solved numerically. Figure 2 shows a comparison of the results of the two different methods. The solid line shows the amplitudes of cylindrical second-harmonic generation in an inhomogeneous and nonlinear medium using exact solutions, or more precisely, Eq. (25). The dashed curve represents the results of calculations using the coupled-wave equations, given by Eq. (28). It can be found that the results obtained by using the exact solution are accurately concordant with the results of using traditional coupled-wave equations. Here, we only give an example of using the exact solution to describe nonlinear effects, and the present example is thoroughly discussed in future work.
There are a lot of special cases of f (r) which can give simple solutions for Eq. At the end, we consider that the system has boundaryvalue conditions, and the medium can also be described by ε 0 (E,r) = 0 ε 1 f (r). In this case, we also can use the method of variable separation and give the solution as Eqs. (11) . However, it needs to be mentioned that (r) satisfy Eq. (12) with boundary-value conditions. This problem is called a Sturm-Liouville eigenvalue problem, and has been studied systematically [13] . We use f (r) = 1 as a special example. In this case, Eq. (12) becomes the Bessel equations of the zeroth order. Considering that E r=a = 0 and |E r=0 | < ∞, the solution of such a Sturm-Liouville eigenvalue problem is E = AJ 0 (κ n ρ) cos(κ n τ ) and H = −A √ ε 1 J 1 (κ n ρ) sin(κ n τ )/Z 0 .
IV. CONCLUSION
Integrable systems have a significant impact on theory and phenomenology [10, 11] . Exact solutions play an important role in understanding the physical processes, and it is very important for the development of new computational asymptotic methods. Constructing exact solutions of complicated systems by using known solutions of simple systems is an interesting topic and powerful technique in physics and mathematics. In this work, we have extended the proposed method in Ref. [1] and have shown that if exact solutions of a system ε 0 (E,r) can be obtained, then exact solutions of system ε(E,r) = exp (αE)ε 0 [E,r exp (αE/2)] can also be obtained. We give a formal exact solution, which describes the propagation of cylindrical electromagnetic waves in an arbitrary nonlinear and inhomogeneous medium. Our results provide the basis for solving complex systems with nonlinearity and inhomogeneity by using exact solutions of a relatively simple system.
